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Abstract 

In isotropic loop quantum cosmology, non-perturbatively modified dynamics of a minimally cou¬ 
pled scalar field violates weak , strong and dominant energy conditions when they are stated in terms 
of equation of state parameter. The violation of strong energy condition helps to have non-singular 
evolution by evading singularity theorems thus leading to a generic inflationary phase. However, 
the violation of weak and dominant energy conditions raises concern, as in general relativity these 
conditions ensure causality of the system and stability of vacuum via Hawking-Ellis conservation 
theorem. It is shown here that the non-perturbatively modified kinetic term contributes negative 
pressure but positive energy density. This crucial feature leads to violation of energy conditions 
but ensures positivity of energy density, as scalar matter Hamiltonian remains bounded from below. 
It is also shown that the modified dynamics restricts group velocity for inhomogeneous modes to 
remain sub-luminal thus ensuring causal propagation across spatial distances. 
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I. INTRODUCTION 


In general theory of relativity, dynamics of a spacetime is influenced by matter stress- 
energy tensor. Naturally, many properties regarding spacetime evolution can be concluded 
assuming some general properties of the matter stress-energy tensor, without having to 
know the details of the individual contributions from different matter sources. These re¬ 
quirements on the matter stress-energy tensor, widely called energy conditions, have been 
used to prove several important theorems in classical general relativity. One such theorem, 


the Hawking-Ellis conservation theorem jlj, 2j says that if the matter stress-energy tensor 
is conserved, satisfies dominant energy condition and vanishes on a closed, achronal set S 
then it also vanishes in the domain of dependence D(S) of the set. Physically, this theorem 
ensures the stability of classical vacuum. As mentioned, the conservation theorem stands 
true provided the matter stress-energy tensor satisfies the dominant energy condition. This 
condition requires local energy density to be non-negative for all time-like observer and the 
energy-momentum 4-current to be non-spacelike i.e. the speed of energy-flow should not be 
exceeding the speed of light. Naturally, the violation of dominant energy condition raises 
concern about the causality and the stability of the system. However, it is worth pointing 
out that the above theorem does not have the converse i.e. although the dominant energy 
condition satisfying matter ensures causality and stability of the system but violation of this 
condition does not necessarily imply that the system violates causality or is unstable (see 


for example 0). In such a situation, these issues should be considered for the specific con¬ 
text, as dominant energy condition violation and the Hawking-Ellis conservation theorem 
no longer vouch for the causality and the stability of the system. 

In the cosmological context, the issue of dominant energy condition violation has acquired 
significant importance in recent literature. The observational evidences 0,^] seem to suggest 
that in our universe major fraction of the energy density is contributed by some kind of 
mysterious dark energy that exerts negative pressure. The experimental data in this context 
not only allows but often favours the values of the equation of state parameter to be less than 


-1 for the dark energy component 


3 values or tne equation or state parameter 

BQimflQQfldBQ. 


Such values of 


the equation of state parameter require violation of dominant energy condition. This makes 


the problem of the dark energy even more severe which is ot 
challenge in the present day cosmology Q, Q, Q, Q, B. 


rerwise itself a major theoretical 
2f| . A popular proposed model 
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for dominant energy condition violating dark energy is so called phantom matter 


W, 




25 


27]. The phantom matter is essentia 
relatively negative kinetic term ( but see 


ly a minimally coupled scalar field model but with 
281 l29l |30j, |3l|, |32]| for other possibilities). Naturally, 


the classical Hamiltonian for the phantom matter becomes unbounded from below. Such 
unbounded Hamiltonian essentially leads to a classically unstable system, as ground state 
of such system gets pushed to negative infinity. 

Apart from the mentioned observational indication of violation of energy condition, there 
are in fact theoretical reasons to argue that some of these energy conditions in general rela¬ 
tivity, should be violated in appropriate regime. One such reason behind this, is the existence 
of another important set of theorems, so called singularity theorems. These theorems tell us 
that if the evolution of a globally hyperbolic spacetime satisfies Einstein equation and the 
matter stress-tensor satisfies so called strong energy condition then the backward evolution of 
such an expanding spacetime is necessarily singular, in a sense that the spacetime is geodesi- 
cally incomplete. In the cosmological context, it implies that if one considers the backward 
evolution of an expanding universe with respect to the coordinate time (lapse equal to unity) 
and the matter content satisfies strong energy condition then the physical quantities like en¬ 
ergy density, spacetime curvature would diverge within finite time interval. However, the 
appearance of singularity in a classical theory is generally considered as an attempt to ex¬ 
trapolate the classical theory beyond its natural domain of validity, rather than considering 
it as a property of nature. Near the classical singularity one expects the evolution of the 
spacetime to be governed by a quantum theory of gravity, as classical description signals its 
own breakdown. Further, one also believes that a proper theory of quantum gravity should 
resolve the singularity that appears in the classical general relativity. Naturally, one would 
naively expect that the quantum effects of such theory should force the matter contents to 
effectively violate the strong energy condition when its dynamics is viewed as an evolution 
of pseudo-Riemannian spacetime. 

In recent years the issues regarding singularities in cosmological models have been 
addressed in a rigorous way within the framework of loop quantum cosmology (LQC) 

39j, |40| l4ll j. The loop quantum cosmology is a quantization of 




M 


35, 3 



the cosmo 
(LQG) 


42 


ogical models along the line of a bigger theory known as loop quantum gravity 




441451] . It has been shown that the loop quantum cosmology cures the prob¬ 


lem of classical singularities in isotropic model 31 as well as less symmetric homogeneous 
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model 


47 ] along with quantum suppression of classical chaotic behaviour near singularities 


in Bianchi-IX models 


M, Q], Further, it has been shown that non-perturbative modifi¬ 


cation of the scalar matter Hamiltonian leads to a generic phase of inflation m l51| (see 


for related discussions on other kinds of matter). It has been also shown that loop 
quantum cosmology induced inflationary scenario can produce scale invariant primordial 


0 


The 


power spectrum as well as observed small amplitude for it, without fine timing 
primordial power spectrum contains a characteristic signature which is potentially falsifiable 
by observations. Further, it has been argued that the loop quantum cosmo 
inflationary phase can lead to a secondary standard inflationary phase 


r induced 

3, HQ. 


This follows from the feature that the in-built inflationary period of loop quantum cosmol¬ 
ogy tends to produce favourable initial conditions for an additional standard inflationary 
phase. In [Q , the authors have also studied the possible effects of the above mechanism on 
cosmic microwave background (CMB) angular power spectrum, generated during a standard 
inflationary phase that follows the loop quantum cosmology induced inflationary phase and 
shown that it can lead to suppression of power in the low CMB multipoles. These features 
crucially depends on a fact that in loop quantum cosmology the inverse triad (scale factor) 


operator 


H 


60j , has a bounded 


whose quantization relies on techniques used in full theory 
spectrum. This is unlike the classical situation where inverse scale factor blows up as scale 
factor goes to zero. However, not being a basic operator quantization of the inverse scale 
factor operator involves quantization ambiguities [£]], 1 § 2 |. 

From a quantum mechanical system, generally one obtains physically relevant quantities 
by computing physical expectation values of appropriate physical observables in the relevant 
physical states. In loop quantum cosmolo gy, development of the machinery required to deal 


with them are still in nascent stage 


63, 


641. [65|. Nevertheless, one can construct an 


effective but classical description of loop quantum cosmology using WKB techniques. The 


discreteness corrections 


dynamics of the effective description is governed by an effective Hamiltonian Q along with 


The effective loop quantum cosmology incorporates crucial 


non-perturbative modifications and has been shown to be generically non-singular as well 



|69L 17(1 171L 122|. In fact several important features of loop quantum cosmology, that have 
been shown in literature, crucially rely on the effective classical description. Naturally, in 
the effective loop quantum cosmology, the violation of dominant energy condition raises 
serious concern. In particular, whether such effective classical description respects causality. 
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In the cosmological context, any communication across spatial distances introduces inho¬ 
mogeneity. So it is a natural concern to check whether the propagation of inhomogeneous 
modes respects causality. Also, whether such dominant energy condition violating effective 
description can ensure stability of the vacuum, as the Hawking-Ellis conservation theorem 
no longer guarantees for the same (see also 73j,|7J] for related discussions). 

In section II, we briefly review the definitions of relevant energy conditions used in general 
relativity. In particular, for the cosmological context, we discuss the requirements on the 
equation of state parameter due to these energy conditions. In the next section, we discuss 
the properties of the equation of state parameters for a minimally coupled scalar held and 
also for the so-called phantom matter model of dark energy. In the section IV, we study 
the properties of the effective scalar matter Hamiltonian. In particular, we show that the 
kinetic term due to the modified dynamics, contributes negative pressure even though it 
contributes positive energy density. This crucial feature essentially leads to violation of 
dominant energy condition in terms of the equation of state parameter but it also ensures a 
bounded (from below) scalar matter Hamiltonian. In the next section, we derive a modified 
dispersion relation for the inhomogeneous modes due to the modified dynamics. Then we 
show that the group velocity for the relevant inhomogeneous modes remains sub-luminal 
thus ensuring causal propagation across spatial distances. We also compute the quantum 
corrections to the group velocity for a massless free scalar held at large volume. 


II. ENERGY CONDITIONS IN GENERAL RELATIVITY 


0 , 


The energy conditions, often regarded as sacred principles [75|, were mostly postulated 
to prove several important theorems in classical general relativity. A few important among 
them are the so called singularity theorems and conservation theorem. In this section, we 
will briefly recall the definitions of some of these energy conditions. In the cosmological 
context, these energy conditions can be essentially stated in terms of the energy density and 
its relation to the pressure component i.e. the equation of state parameter. We will mainly 
follow the convention of Wald 12]. 
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A. Weak Energy Condition 


For a given matter stress-energy tensor T M „, the quantity physically represents 

local energy density for an observer whose 4-velocity is at a spacetime point. The weak en¬ 
ergy condition is physically interpreted as the requirement of non-negativity for the classical 
energy density. Naturally, the weak energy condition is stated as 

> o , (i) 

for all time-like Assuming that the stress-energy tensor can be diagonalized i.e. it can be 
written as T /w := p t^t u + Pi x^x^ + P 2 y^y v + P 3 z jt z v where {f M , aP, z is an orthogonal 
set of basis and P is time-like, the weak energy condition requires p > 0 and p + Pi > 0 for 
i — 1,2,3 where Pj is the principal pressure. For the homogeneous and isotropic spacetime 
these requirements can be conveniently stated in terms of the equation of state parameter 
w := P/p as w > -1 and the energy density p > 0. 

B. Strong Energy Condition 

A crucial requirement on the matter stress-energy tensor, for the singularity theorems 
to hold, is that it should satisfy so called strong energy condition. This energy condition 
requires matter stress-energy tensor to satisfy 

T, u er > -\t , (2) 

for all unit time-like Assuming diagonal form of the stress-energy tensor, the strong 
energy condition requires p+Xp=i Pj A 0 and p+Pi > 0 for i — 1, 2, 3. For the homogeneous 
and isotropic spacetime, these requirements in terms of the energy density and equation of 
state parameter can be stated asp>0,cu>—1. One may note here that the violation of 
strong energy condition which is necessary for non-singular cosmological evolution, implies 
an accelerating phase in its evolution via Raychaudhuri equation. 

C. Dominant Energy Condition 

The Hawking-Ellis conservation theorem requires matter stress-energy tensor to satisfy 
so called dominant energy condition. This condition requires the local energy density to be 
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non-negative for all time-like observer and the local energy-momentum 4-current i. e 

to be future directed, non-spacelike for all future directed, time-like . So the dominant 

energy condition is stated as 

UT> 0 ; T^T^< 0. (3) 

The second requirement can be physically interpreted as the requirement on matter stress- 
energy tensor such that the speed of energy-flow does not exceed the speed of light. Assuming 
diagonal form of the stress-energy tensor, the dominant energy condition requires p > \P t \ 
for i = 1,2, 3. In other words, the energy density is required to dominate the pressure 
components. For the homogeneous and isotropic spacetime, these requirements can be 
stated in terms of the equation of state parameter as |cu| < 1 and energy density p > 0. 

Apart from the above energy conditions, there are few more energy conditions that can 
be seen in the literature. For example, so called null energy condition requires matter stress- 
energy tensor to satisfy T IJV n ,l n 1 ' > 0, for all null vector n ,L . 

III. CLASSICAL SCALAR MATTER HAMILTONIAN 

In the cosmological scale, our universe appears to be spatially flat, homogeneous and 
isotropic with a very good precision. The invariant distance element in such spacetime 
(using natural units i.e. c = h = 1) is given by Friedmann-Robertson-Walker metric 

ds 2 = — dt 2 + a 2 (t) dx 2 , (4) 

where a{t ) is the scale factor. Clearly, the metric components do not have any spatial 
dependence. In this paper we will consider a minimally coupled scalar held as the matter 
source. The dynamics of such scalar held is governed by the action 

S 4 , := I d 4 xy/~gC = I d 4 xy/^g —g^d^d^ - V(4>) . (5) 

Let us recall that we are mainly interested in studying the effects on the scalar held dynamics, 
due to the non-perturbative mo dif ication coming from loop quantum cosmology. In the 
canonical quantization, as in loop quantum cosmology, one treats Hamiltonian as a basic 
object that governs the dynamics of the system. Thus, for our purpose it is necessary to 
have the expression for the scalar matter Hamiltonian 

Hffi = a 3 j d 3 x + a J d 3 x ^(V0) 2 + a 3 J d 3 x[V(cj))} , (6) 
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where field momentum density i = a 3 <f. In deriving expression (IFilh it is assumed that the 
background geometry is homogeneous, isotropic and described by the metric 0- However, 
we have assumed that the scalar field itself need not be homogeneous. This approximation 
greatly simplifies the analysis. Nevertheless, one should keep it in mind that it is trustworthy 
as long as the deviation from homogeneity and isotropy remains small. 

In loop quantum cosmology, the geometrical quantities like the scale factor a here, are 
represented through corresponding quantum operators. While deriving effective classical 
Hamiltonian from loop quantum cosmology, these geometrical quantities effectively get re¬ 
placed by the eigenvalues of their corresponding quantum operators. The kinetic term of the 
scalar matter Hamiltonian 0 involves inverse powers of the scale factor. In loop quantum 
cosmology, the inverse scale factor operator has a bounded spectrum. Clearly one can see 
that the kinetic term of the effective scalar matter Hamiltonian will involve non-perturbative 
modifications. 

Given an arbitrary inhomogeneous scalar field in a spatially flat space, one can decom¬ 
pose it in terms its Fourier modes. In this case, the dynamics of the k = 0 mode i.e. the 
spatially homogeneous mode will essentially drive the evolution of the homogeneous back¬ 
ground geometry, as the contribution from non-zero k modes are assumed to be small. So 
for the purpose of determining the background evolution, it is sufficient to consider only 
the homogeneous mode. In other words, we will neglect the contribution from the gradient 
term while evaluating the background evolution. Naturally, the scalar matter Hamiltonian 
© reduces to 

3 ^ p\ + P^V((p) , (7) 

where J d?Xyf^g := a 3 Vo := p 5 and £></,(= Vo7 rf) is the field momentum. It is important to 
note here that we have absorbed the fiducial coordinate volume Vo (of a given finite cell) 
in the definition of the variable p. In loop quantum cosmology, the variable p is known as 
redefined densitized triad and it is one of the basic phase space variables. 

A. Classical Energy Density and Pressure 

In the Lagrangian formulation, one can obtain the expression for the general stress-energy 
tensor by considering the variation of the action with respect to the spacetime metric. 
Naturally, one can use the general expression of the stress-energy tensor, to obtain the 
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reduced expression for the energy density and the pressure component for the homogeneous 
and isotropic spacetime. On the other hand, in the Hamiltonian formulation such direct 
method is not available. However, one can define the expression for the energy density and 
the pressure component in terms of the classical Hamiltonian as 

P := + VW = p~iH „ ; P := ^ = -p~i (y • (8) 

It may be noted here that the dehnitions of the energy density and the pressure (JSJ) in 
terms of the scalar matter Hamiltonian immediately ensure the matter conservation equation 
p = — 3 (-) (p + P ) along the classical trajectories. 


B. Classical Equation of State 


In the cosmological context, the equation of state parameter is defined as the ratio of the 
pressure component to the energy density as 

P W ~ Vtf) 


uj := 


r 

k 2 


(9) 


p k.V + v{<t>) 

For a minimally coupled scalar held, the values of the equation of state parameter © are 
restricted to be |cu| < 1, as the scalar held (f) takes values in the real line and the potential 
is required to satisfy V(4>) > 0. In other words, the dynamics of a minimally coupled scalar 
held always respects the dominant energy condition. Thus, the Hawkiug-Ellis conservation 
theorem vouches for the stability of the ground state. The stability of the ground state can 
also be understood from the property of the scalar matter Hamiltonian ©• It is easy to see 
that the expression of the scalar matter Hamiltonian © ensures that it remains bounded 
from below. This property immediately implies a classically stable ground state for the 
system. 


C. Phantom Matter Equation of State 

As we have mentioned, in the phantom matter model of dark energy energy jfj], one 
consider a minimally coupled scalar held but with relatively negative kinetic term. Thus, 
the energy density and the pressure component for the phantom held are given by 


PPhantom •— T V"(0) J -Pph an to m •— 2^ ^"(0) ■ 


( 10 ) 
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Clearly, the equation of state parameter for the phantom held u;phantom(:= ^Phantom//^Phantom) 
can take value less than —1. In other words, the phantom matter held violates the dominant 
energy condition. Naturally, the Hawking-Ellis conservation theorem does not guarantee for 
the stability of the ground state. In particular, using the corresponding Hamiltonian for 
the phantom matter, one can easily see that it no longer remains bounded from below. 
The unbounded (from below) Hamiltonian immediately implies that there does not exist a 
classically stable ground state for the system. 


IV. EFFECTIVE SCALAR MATTER HAMILTONIAN 


In isotropic loop quantum cosmology, the basic phase space variables are Ashtekar connec¬ 
tion and densitized triad. The geometrical property of the space is encoded in the densitized 
triad p whereas the time variation of geometry is encoded in the connection. In loop quantum 
cosmology one redefines densitized triad to absorb the hducial coordinate volume compo¬ 
nent. This makes the proper volume of the universe 0 to be f d?Xyf^g = a 3 Vo = p 2 
[d(| . The effective scalar matter Hamiltonian for the classical system whose dynamics is 
governed by the Hamiltonian 0, is given by 


Hf = + p'v(0) , 


( 11 ) 


where F 3 j(p) is the eigenvalue of the inverse densitized triad operator p~ l and is given by 
Fjj(p) = ( pj)~ l Fi(p/pj ) where p 3 = I 7 // 0 jlp- The /i 0 is an order of unity parameter that 
appears while quantizing the Hamiltonian constraint operator in loo p q uantum cosmology 


The j and l are two quantization ambiguity parameters 


61 


I62j . The half integer 


j is related with the dimension of representation while writing holonomy as multiplicative 
operator. The real valued l (0 < l < 1) corresponds to different, classically equivalent ways 
of writing the inverse power of the densitized triad in terms of Poisson bracket of the basic 
variables. The function Fi(q') is approximated as j3] 

= [2(TT2KTTT)T ((i +11 «« + 1)M -!«- 1|,+2 } - 

(l + 2 )q{(q + l) l+1 - sgn(g — l)|g — 1| /+1 } ) ] 131 

-»■ 'T 1 (q » 1) 

(0 < q « 1) ■ (12) 
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It is clear from the expression m that for the large values of the densitized triad i.e. in 
large volume one recovers the expected classical behaviour for the inverse densitized triad. 
The quantum behaviour is manifested for smaller values of the densitized triad. Here the 
meaning of large or small values of the triad p is determined necessarily by the values of Pj. 
We will follow this convention throughout the paper unless explicitly stated. 


A. Effective Energy Density and Pressure 


In this paper, we are interested in studying the effects on the energy conditions due to 
the non-perturbative modification coming from loop quantum cosmology and its further 
implications. In the cosmological context, the energy conditions are stated in terms of the 
energy density and its relation to the pressure i.e. the equation of state parameter. In loop 
quantum cosmology, one obtains non-perturbative modification at the level of the effective 
Hamiltonian but not at the level of an effective action. This prevents one to directly obtain 
the expression of the effective stress-energy tensor. On the other hand, in classical general 
relativity the energy conditions are defined in terms of the stress-energy tensor. Naturally, 
the issue of energy conditions violation in the effective dynamics, is crucially related to the 
definitions of the effective energy density and pressure. In the classical situation we have 
seen that it is possible to write down the reduced standard expressions of the energy density 
and the pressure flKJ) purely in terms of the reduced Hamiltonian. These definitions of the 
energy density and the pressure immediately ensure the matter conservation equation along 
the classical trajectories. Naturally, one can use the same definitions for the effective energy 
density and the pressure just replacing the standard Hamiltonian in terms of the effective 
Hamiltonian. So we define the effective energy density and the effective pressure, following 
the definitions of classical energy density and pressure ( 0 ), as 


P 


eff 




eff 


P eS := -p 


2pdHf\ 
3 dp J 


(13) 


It is worth pointing out that to define the effective energy density and the pressure, one could 
have proceeded as done in 6f|. In this approach one first obtains the Hamilton’s equations 
of motion for the matter degrees of freedom as well as the gravitational degrees of freedom. 
Then one rewrites these equations of motion, by suitable manipulations such that a part of 
these equations matches with the gravitational part of the standard Friedman equation and 
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the Raychaudhuri equation. In the next step, one then reads off the expressions for effective 
energy density and the pressure by comparing with standard equations. These expressions 
of the energy density and the pressure agree with the definitions m when the contributions 
due to the non-perturbative modification of the gravity sector become negligible. Since the 
effective Hamiltonian description is strictly valid in the region where background geometry is 
essentially classical i.e. non-perturbative modification of geometry is negligible. Clearly, in 
such situation these two set of definitions agree with each other. It is important to emphasize 
here that although the non-perturbative modification of the gravity sector becomes negligible 
in the region of interest but the non-perturbative modification of the matter sector can still 
survive. In fact we are interested in studying the effects of non-perturbative modification of 
the scalar matter dynamics. 


B. Effective Equation of State 


Having known the expressions of the effective energy density and the pressure cl , one 
can easily define the effective equation of state parameter cu eff := P cH /p cS . The evolution of 
the effective equation of state parameter depends on the effective Hamiltonian. However, 
as shown in j£l|, one can eliminate the explicit appearance of the effective Hamiltonian and 
can express the effective equation of state parameter in terms of the classical equation of 
state parameter u, as 

(l+w)pl[Fy(p)]l (l - P df < Ar> ' 


V s = -1 + 


d P 


(14) 

(1 +u)p*[F jtl (p)\i + (1 -u) 

Using the expression m, it is easy to see that for the large values of the densitized triad 
p, where one expects the quantum effects to be small, cu efr ~ u. On the other hand, for 
small values of p, uj eS differs from the classical u dramatically. Using the small volume 
(small triad) expression of the inverse densitized triad (I12[) . one may note that the effective 
equation of state satisfies (cn eff + 1) < 0, for all allowed values of the ambiguity parameter 
l. Let’s recall that in terms of equation of state parameter, the weak energy condition 
requires {u + 1) > 0, the strong energy condition requires (uu + |) >0 and the dominant 
energy conditions requires |cn| < 1. So it is clear that in loop quantum cosmology, the 
effective equation of state parameter violates all of these energy conditions due to the non- 
perturbative modifications. 
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C. Kinetic Contribution to Pressure 


The allowed values for the classical equation of state ©, are restricted to be |cn| < 1. 
Naturally, it is an important question to ask how is it then possible for the effective equa¬ 
tion of state to take values less than —1, instead of the facts that in both cases one begins 
with a minimally coupled scalar field and uses the same definition for the equation of state 
parameter in terms of their corresponding Hamiltonian. The answer to this question lies 
in the fact that in effective loop quantum cosmology, although one begins with a standard 
minimally coupled scalar field but for small volume this coupling gets altered dramatically. 
The effective coupling remains minimal in a sense that it couples only through the geomet¬ 
rical variables but not through curvatures. However, it is clear that the gravity coupling 
to the scalar matter no longer remains standard minimal coupling as the spectrum of the 
inverse triad operator differs from the classical expression dramatically for small volume. To 
understand this issue better, let us have a look at the contributions due to the kinetic term 
to the pressure component Pke for both cases 


-Pre — ~ P 


3 

\P 21 

d 

3 ' 

P 2 


dp 

P 2 


peff 

■ - r KE ~ 


P 


P 2 


L3 


d_ 

dp 


h,(p)\ 


(15) 


It is evident from the equation csD that in the standard case, the kinetic term contributes 
positive pressure. This is what one would intuitively expect from our understanding of 
ordinary thermo-dynamical system. However, in the effective loop quantum cosmology, 
using the expression of the inverse densitized triad m, it is easy to see that the kinetic term 
contributes negative pressure for small volume even though for large volume it contributes 
positive pressure like in standard case. This crucial ‘extra’ negative pressure from the kinetic 
term is what essentially leads the effective equation of state to violate dominant energy 
condition. Clearly, the bounded spectrum of the inverse densitized triad plays a major role 
in this. 

On the other hand, in the phantom matter model of dark energy, to obtain the values of 
the equation of state parameter to be less than —1, one makes the kinetic term relatively 
negative by hand. This step essentially forces the kinetic term to contribute negative pres¬ 
sure. However, it also leads the kinetic term to contribute negative energy density. This step 
essentially jeopardise energy density expression as its positivity is no longer remain guaran¬ 
teed. Clearly, a relatively negative kinetic term in the scalar matter Hamiltonian, makes it 
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unbounded from below. In other words, the ground state of such system gets pushed to neg¬ 
ative infinity. Naturally, naive quantization of such system can lead to a catastrophic decay 
of vacuum |25|. On contrary, in the effective loop quantum cosmology scenario, the kinetic 
term gives negative contribution only in the pressure expression but not in the energy den¬ 
sity expression. Thus, although the equation of state parameter in effective loop quantum 
cosmology violates dominant energy condition but it also necessarily ensures the positivity 
of the energy density. It is also evident from the expression of the scalar Hamiltonian CP 
that it remains bounded from below signifying a stable ground state. 


D. Example: Massive Scalar Field 


Now we take an explicit example to illustrate the dynamics of the scalar held at small 
volume regime where non-perturbative modification plays a significant role. For simplicity, 
we consider the dynamics of a massive free scalar held. In other words, the scalar potential 
is consist of only the mass term i.e. U(0) = To simplify further, we choose the 

value of the ambiguity parameter to be l —> 0+. With these assumptions the effective matter 
Hamiltonian for small volume becomes 



(16) 


Using the Hamilton’s equations of motion, one can obtain analytical solutions for the held 
equations, given by 


0 = 



3 

ap 2 


+ Cl 


; p<» 



3 

ap 2 


+ Ci 


(17) 


where a = \J — ^ 1 P anc ^ Cl are ^ wo cons t an t s °f integration. Using the held solutions 

CP, one can easily see that along any trajectory H^ s ~ pa p. One may note here that the 
energy density contribution due to the scalar held dynamics effectively looks a like contri¬ 
bution from a cosmological constant. The constant of integration p physically corresponds 
to the energy density during its evolution. This also implies an exponential inhationary 
phase. This is of course expected behaviour, as the effective equation of state parameter in 
loop quantum cosmology generically becomes a; eff ~ —1 at small volume jsi|. This simple 
example clearly shows that classical dynamics of the system is essentially stable, as we have 
argued for a general system with the modified scalar held dynamics. 
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V. PROPAGATION OF INHOMOGENEOUS MODES 


We have mentioned earlier that the second part of the dominant energy condition requires 
the speed of energy propagation not to exceed the speed of light. Naturally, the violation 
of dominant energy condition also raises the concern, whether such system can prohibit 
super-luminal flow of energy. In other words, whether such system can respect causality. In 
classical cosmology, one begins by postulating so called cosmological principle i. e. on large 
scale there is neither a preferred direction nor a preferred place in our universe. This principle 
is imposed by assuming that on cosmological scale our universe is spatially homogeneous 
and isotropic. The strict imposition of spatial homogeneity will prohibit any kind of spatial 
flow of energy as it will violate spatial homogeneity. However, this assumption undoubtedly 
is an idealisation and is made to rather simplify background dynamics. Naturally, if we want 
to allow some kind of spatial flow of energy then we must relax the spatial homogeneity. 
While relaxing this assumption nevertheless one should be careful so that we can still use the 
available machinery of the cosmological set-up. This is generally achieved by considering the 
deviation from spatial homogeneity to be small. It is worth pointing out that small spatial 
inhomogeneity in the matter held configuration will also lead to small inhomogeneity in the 
background geometry. For simplicity, however, we will treat the background geometry as 
homogeneous. 


A. Modified Klein-Gordon Equation 


We have seen earlier that the kinetic term of the scalar matter Hamiltonian gets non- 
perturbative modification, as its classical expression involves inverse powers of densitized 


triad. The effective scalar matter Hamiltonian, obtained as outlined in 

T 


53(, is given by 


H? = V 0 \F jt i(p)\* / d A x 




+ V 0 3 P 2 / “ ■ x 




+ r 0 -y /2 / d?x[V(4>)] . (18) 


One may note here that we have now kept the gradient term in the effective Hamilto¬ 
nian. The gradient term was neglected earlier while computing background evolution, as 
one assumes that the background evolution is mainly determined by the homogeneous and 
isotropic contribution of the matter Hamiltonian. It is worth pointing out here that the 
gradient term of the equation m having the correct sign, the corresponding dynamics does 


not suffer from the so called gradient instability 
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77], another pathological feature of 
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the phantom matter models. Using the Hamilton’s equations of motion for the effective 
Hamiltonian m, one can derive the corresponding modified Klein-Gordon equation 


- 3 


'p FjjkP) 
Fj,i(P ) 



<i> + \hi(p)\ 2 p* 


+ v\fi) = 0 , 


(19) 


where F'-fip) = —Using the expression for the spectrum of the inverse triad (TH2|h 
it is easy to see that the modified Klcin-Gordon equation (USD reduces to the standard 
Klcin-Gordon equation at large volume. 

In a given spatially flat spacetime background, an inhomogeneous scalar field can be 
decomposed in terms of its Fourier modes. The dynamics of the k = 0 mode i.e. the 
spatially homogeneous mode essentially drives the evolution of the background geometry as 
the contributions from non-zero k modes are assumed to be small. However, as we have 
argued that to study the energy propagation across spatial distance in the cosmological 
background, it is essential to consider the dynamics of inhomogeneous modes i.e. non-zero 
k modes. The Fourier decomposition of the inhomogeneous scalar field is defined as 

d 3 k 


Cp(x,t) = 


(2r) 




( 20 ) 


where </>*,(£) are the Fourier components. For simplicity, we will consider the dynamics of 
a massless free scalar i.e. we will assume V(fi) = 0. Using the modified Klcin-Gordon 
equation (ED and the equation pp, one can derive the modified equation for the Fourier 
modes 

P F j/P) 




F j,i(p) 


7' ) m * ) + \ Fjfip )\ 2 p ^ = 0. 


( 21 ) 


In the small volume regime where the spectrum of the inverse triad operator can be approx- 
imated as Fjfip) ~ p~ l and the effective equation of state parameter as a; ett ~ —1, one can 
obtain an analytical solution for the equation (ZED El, given by 

Mt) = 77 (1+ ^ } U (fcjn) J_(i + 1 )(At 7) + H (m) J ( i + 1 ^kr))] , (22) 


where J n (x) are the Bessel functions, A(k, n ) and B(k tU ) are two constants of integration 
corresponding to second order differential equation. The variable 7 ] is defined as dr] := a~ n dtj 
where the parameter n = —1(1 + jzj)- In loop quantum cosmology allowed values for the 
ambiguity parameter l is (0 < l < 1). Naturally, the new parameter n takes values as 
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(—oo < n < —2). The argument of the Bessel function krj can be conveniently expressed in 
terms the scale factor as kr] = A- where H(= 2 ) is the Hubble parameter. 

At first let’s study the large wavelength (k —> 0) behaviour of the general solution (I22|h 
For the general solution EH when both constants of integration A^,n) and B^,n) are present 
then using the asymptotic form of the Bessel function J m (x) ~ r (i+ m ) (f ) m for x << 1, it is 
easy to see that (ftk(t) becomes approximately constant and becomes proportional to A^,n)- 
For the special case when A^,n) is identically zero then </>*.(£) remains time dependent but its 
time dependence is non-oscillatory. These features of the Fourier modes <f>k(t) can also be 
seen directly from the differential equation EH). For the larger wavelength modes the third 
term in the equation m can be neglected. The approximated second order differential 
equation then admits a constant solution and a non-oscillatory time-dependent solution, as 
expected. Clearly, the second term which is a (anti)friction term, plays a major role for the 
larger wavelength modes. Since, our main interest is to study the energy transmission across 
spatial distances then clearly the larger wavelength modes are not relevant for this purpose. 
On the other hand, for smaller wavelength (k —> 00 ) modes, the general solution become 
oscillatory , as the asymptotic form of the Bessel function is J m (x) ~ \j^ cos ( x — — f) 

for x » 1. Naturally, the smaller wavelength modes are the potential carriers for the en¬ 
ergy transmission across spatial distances. For smaller wavelength modes, the effects of the 
(anti)friction term is negligible. Thus, for simplicity we will neglect the (anti)friction term 
in the equation EH) for further analysis. The information regarding assumed small inhomo¬ 
geneity are encoded in the amplitudes of the mode functions 4>k(t). Since propagation speed 
of linear waves does not depend on their amplitudes, the causal properties of the propagating 
inhomogeneous modes are quite insensitive to the exact details of their amplitudes. 

B. Modified Dispersion Relation 

In the cosmological context, any spatial transmission of energy will introduce inhomo¬ 
geneity. So to investigate causality of the system, it is natural to study the group velocity for 
the inhomogeneous modes. One may recall that in a medium where absorption (friction) or 
emission (anti-friction) is small, the group velocity essentially determine the speed of signal 
propagation [Q. To compute the group velocity it is convenient to find out the relation 
between its frequency and wave-number i.e. the dispersion relation. Using the governing 
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equation for the inhomogeneous modes ED, neglecting the (anti)friction term, and making 
the ansatz (j>k{t) ~ e l0Jt , one can easily derive the modified dispersion relation in effective 
loop quantum cosmology as 


dj « \Fj,l(p)\ 2 p 2 , 2 

' a- 


(23) 


In the classical situation ‘inverse triad’ is just the inverse of triad i.e p x Fjfip) = 1. 
The dispersion relation (ED then becomes same as the standard Minkowskian dispersion 
relation between frequency and physical wave number ( k/a ). In loop quantum cosmology 
the spectrum of the inverse triad operator is bounded. Hence the dispersion relation in 
effective loop quantum cosmology differs dramatically for small volume compared to the 
standard dispersion relation. 

It is worth emphasising that the modification in the dispersion relation that is being 
studied here, arises because of the bounded spectrum of the inverse triad. This modification 


is distinct from the different types of modification general 
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y considered in the literature. For 


£ 0 , 


81 


82L |83| or in the context 


example, in the context of quantum gravity scenario 
of trans-Planckian inflationary scenario 8J, |85(, one considers modification of standard 
dispersion relation by introducing appropriate non-linearity. 


C. Group velocity 


It is worthwhile to emphasize here that the group velocity determines the speed of signal 
propagation only if the absorption or amplification of the signal remains small. In other 
words, ‘signal transmission’ makes sense only if the original signal reaches its target without 
major distortion while propagation (see 78|] for related discussion). In the effective loop 
quantum cosmology scenario, we have argued that the relevant modes for energy transmis¬ 
sion across spatial distances, are the smaller wavelength modes and for these modes the 
(anti)friction term plays very little role in their evolution. Using the dispersion relation 
ED, one can easily compute the group velocity for the inhomogeneous modes as 

duo 


v g ■ = 


d(k/a ) 


= \Fj,l(p)\‘P 3 ■ 


(24) 


In the classical situation right hand side of the expression ED is identically equal to unity. 
Physically, this implies that for the massless free scalar held, the inhomogeneous modes 
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transmit signals at the speed of light. However, in the effective loop quantum cosmology 
it is no longer the case. Using the expression for the spectrum of the inverse triad <H2D, 
it is easy to see that in the small volume regime, the speed of signal propagation is in 
fact much slower than the speed of light (in classical vacuum). The group velocity for the 
inhomogeneous modes gradually increases and approaches the speed of light towards the 
end of the non-perturbatively modified dynamics. 

It is worth emphasising here that the actual spectrum of the inverse scale factor operator 
is fundamentally non-differentiable. However, to study the qualitative consequences of it 
within an effective analysis, one uses a peace-wise analytic function Fi(q) (TH?1) which ap¬ 
proximates the spectrum of the inverse scale factor operator. This is a good approximation 
provided the scale pj is sufficiently large. However, being peace-wise analytic this approx¬ 
imation is good as long as (p << pj) or (p » pj) but not near the transition regime, as 
the approximation function Fi(q) (TH2I) is not analytic at q — 1 (q = p/pj)- So the governing 
equation of the mode functions ED which involves Fi(q) as well as its derivative, is not 
defined near p = Pj. Thus, the derivation and the subsequent expression of the group ve¬ 
locity (23D are valid as long as (p « pj ) or (p >> pj) but not in the neighbouring regime 
of p = pj. However, there still exist a significant small volume regime even excluding the 
regime near p = pj, as the validity of approximation for the spectrum of the inverse scale 
factor operator, requires pj to be large. 

Thus, in effective loop quantum cosmology although non-perturbatively modified dynam¬ 
ics violates dominant energy condition in terms of the equation of state parameter but the 
underlying modified dynamics restricts the group velocity for the inhomogeneous modes to 
remain sub-luminal. In the cosmological context we have argued that any spatial trans¬ 
mission of energy will introduce spatial inhomogeneity. Here in the effective loop quantum 
cosmology, we have shown that the group velocity for the inhomogeneous modes remains 
sub-luminal due to the non-perturbative modification. Clearly, in effective loop quantum 
cosmology, non-perturbatively modified dynamics of a minimally coupled scalar held re¬ 
spects causality. The violation of dominant energy condition is essentially dictated by the 
k — 0 mode but this mode is not relevant for the purpose of signal transmission across 
spatial distances. 

It is worth pointing out that the ‘speed of light’ here is meant to imply the speed of 
electromagnetic wave propagation in the classical vacuum that determines the causal struc- 
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ture of the spacetime. This is important to emphasize because in loop quantum cosmology, 
one expects to get similar non-perturbative modification even to the electromagnetic wave 
propagation. Then the actual speed of light in the effective loop quantum cosmology itself 
may become slower compared to the speed of light in the classical vacuum. Intuitively, one 
may consider the small volume effective background geometry, coming from loop quantum 
cosmology, as a refractive medium with a value of the group index n g {= c/v g ) is greater than 
unity. In this context, the group index is same as the refractive index , as the phase velocity 
is same as the group velocity. 


VI. QUANTUM CORRECTIONS TO GROUP VELOCITY AT LARGE VOLUME 


Using the spectrum of the inverse triad operator m, it is easy to see that although at 
large volume the leading term is just the inverse of triad but there are sub-leading terms 
also in its expression. Naturally, in the effective loop quantum cosmology, the group velocity 
for the inhomogeneous modes is not exactly equal to unity even at the large volume. Using 
the expression G2D, for a massless free scalar held, one can compute the group velocity with 
quantum corrections as 


v g ~ 


1 + 


3(2-/) (p 


40 


P 


(25) 


It is clear from the expression (EH) that the corrections to the group velocity at large volume 
is extremely small but positive as (0 < l < 1). The group velocity becomes equal to unity 
as the volume of the system goes to infinity. To have some numerical estimate of this finite 
volume quantum correction, let us choose say pj ~ 10 5 l 2 p . The observed size of universe 
today is ^Jp ~ 10 60 l p . Then the correction to the group velocity due to modified spectrum 
of the inverse triad operator, today is ~ 10~ 231 ! It is extremely unlikely that such small 
correction will have any significant effect. Even for the cosmological context (time scale 
~ 10 17 sec) such small deviation of group velocity, may be completely irrelevant. 


VII. DISCUSSIONS 

To summarize, in effective loop quantum cosmology, non-perturbatively modified dynam¬ 
ics of a minimally coupled scalar held violates weak , strong and dominant energy conditions 
when they are stated in terms of equation of state parameter. The violation of strong energy 
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condition although helps to have non-singular evolution by evading the singularity theorems 
but the violation of weak and dominant energy conditions raises concern. In classical gen¬ 
eral relativity, these energy conditions are used to prohibit super-luminal flow of energy 
and to ensure the stability of classical vacuum via the Hawking-Ellis conservation theorem. 
Naturally, the violation of these energy conditions in terms of effective equation of state 
parameter, raises concern about the causality and the stability of the system. In this paper, 
we have shown that although at face value these energy conditions are violated, underlying 
modified dynamics in effective loop quantum cosmology nevertheless ensures positivity of 
energy density, as scalar matter Hamiltonian remains bounded from below. Considering 
the modified dynamics for the inhomogeneous modes, we have shown that group velocity 
for the relevant modes remains sub-luminal in small volume regime, thus ensuring causal 
propagation across spatial distances. We have also computed the large volume quantum 
corrections to the group velocity of the inhomogeneous modes for the massless free scalar 
field. 

Now, let us try to understand the physical phenomena behind this rather unusual feature 
of the non-perturbatively modified dynamics. In the case of classical dynamics of a minimally 
coupled scalar field, the values of the equation of state parameter are restricted to be |u;| < 1. 
However, in the case of modified dynamics, the effective equation of state can take values 
less than —1. This is rather surprising given the facts that one begins with a minimally 
coupled scalar field and uses the same definition of equation of state for both the cases. This 
‘anomalous’ behaviour follows from the fact that at the small volume, non-perturbatively 
modified gravity becomes repulsive although it remains attractive for the large volume. This 
feature can be easily seen by considering a classical trajectory of a massless free scalar field. 
The non-perturbatively modified scalar matter Hamiltonian, along any trajectory, increases 
with the increasing scale factor for small volume but decrease for large volume. Naturally, 
the gravitational Hamiltonian, to satisfy the Hamiltonian constraint + H grav = 0), must 
decrease with increasing scale factor for small volume. Later, in the large volume it starts 
increasing with increasing scale factor. This immediately implies that modified gravitational 
interaction is repulsive for small volume whereas for large volume, as one expects, it is 
attractive. This repulsive nature of the gravitational interaction manifest itself through the 
non-standard gravity coupling to the scalar matter Hamiltonian via bounded spectrum of 
the inverse triad operator. 
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For a standard minimally coupled scalar field, the kinetic term contributes positive pres¬ 
sure. Of course, this is what one would intuitively expect from our understanding of ordinary 
thermo-dynamical system. However, in the effective loop quantum cosmology, the kinetic 
term contributes negative pressure for small volume even though for large volume it con¬ 
tributes positive pressure like in standard case. This crucial ‘extra’ negative pressure from 
the kinetic term is what essentially leads the effective equation of state to violate dominant 
energy condition. Clearly, the bounded spectrum of the inverse densitized triad plays a 
major role in this. On the other hand, in phantom matter model of dark energy, to obtain 
the values of the equation of state parameter to be less than —1, one makes the kinetic 
term relatively negative by hand. This change of sign essentially forces the kinetic term to 
contribute negative pressure. However, it also leads the kinetic term to contribute negative 
energy density. This step badly affects the energy density expression, as its positivity is 
no longer certain. In other words, a relatively negative kinetic term in the scalar matter 
Hamiltonian, makes it unbounded from below. This implies that the system does not have a 
stable classical ground state. On contrary, in the effective loop quantum cosmology scenario, 
the kinetic term gives negative contribution only in the pressure expression but not in the 
energy density expression. Thus, although the equation of state parameter in effective loop 
quantum cosmology violates dominant energy condition but it necessarily ensures the posi¬ 
tivity of the energy density. It is also evident from the expression of the scalar Hamiltonian 
in that it remains bounded from below, signifying a stable classical ground state. 

The bounded spectrum of the inverse triad (scale factor) operator plays the central role 
in violating the energy conditions. The violation of energy conditions although leads to a 
generic inflationary phase and allows to have a non-singular evolution but it also makes the 
causality and the stability of the system uncertain. However, as shown in this paper, the 
same bounded spectrum in fact acts as a saviour to ensure the causality and the stability 
of the system. It is worth pointing out that the quantization of the inverse triad was not 
invented to obtain the bounded spectrum such that these physical features follow. Rather it 
was quantized following the techniques used in the full theory of loop quantum gravity. The 
quantization of the inverse triad involves ambiguities but these crucial features are insensitive 
to their precise values. It may be worth emphasising that although the exercise presented 
here is not directly related with the dark energy scenario, one may learn an important 
lesson from here that if one wants to construct a dominant energy condition violating yet 
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well behaved scalar field model of dark energy then one should look beyond the standard 
minimal coupling. 

It is now important to discuss some subtleties of the analysis presented here. In classical 
general relativity, the definitions of the energy conditions are generally covariant. However, 
in the cosmological context, the energy conditions are stated with respect to a preferred 
frame namely the so-called comoving frame. Thus, one must be careful while interpreting 
the results in more general context. Secondly, in the Lagrangian formulation one obtains 
the reduced expression of the energy density and pressure for the homogeneous and isotropic 
spacetime, using a generally covariant expression of the stress-energy tensor. In the Hamil¬ 
tonian formulation such a spacetime covariant method is not available. Naturally, one needs 
to define the expression of energy density and pressure, in terms of the scalar matter Hamil¬ 
tonian. In the classical situation although they are equivalent but with the non-trivial 
quantum corrections this issue is rather subtle. In the analysis presented here, we have 
assumed the background geometry as homogeneous although we have allowed the scalar 
field living in it to become inhomogeneous. This approximation is trustworthy as long as 
the deviation from the homogeneity remains sufficiently small. Further, we have considered 
the non-perturbative modification of the kinetic term only. Using slightly different quanti¬ 
zation strategy, one could obtain a factor of ‘triad times inverse triad’ also in the gradient 
term. However, such modification would change only the quantitative nature of the results 
shown here but not the qualitative nature. Naturally, the features of the non-perturbativcly 
modified dynamics shown here, are robust under this quantization ambiguity. 
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